Abstract. For a complete minimal surface in the Euclidean 3-space, the so-called flux vector corresponds to each end. The flux vectors are balanced, i.e., the sum of those over all ends are zero. Consider the following inverse problem: For each balanced n vectors, find an n-end catenoid which attains given vectors as flux. Here, an n-end catenoid is a complete minimal surface of genus 0 with ends asymptotic to the catenoids. In this paper, the problem is reduced to solving algebraic equation. Using this reduction, it is shown that, when n = 4, the inverse problem for 4-end catenoid has solutions for almost all balanced 4 vectors. Further obstructions for n-end catenoids with parallel flux vectors are also discussed.
Introduction
An n-end catenoid is a complete immersed minimal surface of finite total curvature which has zero genus and n catenoid ends. It is considered as a conformal immersion x :Ĉ \ {q 1 , . . . , q n } → R 3 , whereĈ := C ∪ {∞} and q 1 , . . . , q n ∈Ĉ. Jorge-Meeks surfaces [JM] are typical ones. Recently, new examples of n-end catenoids have been found by [Kar] , [L2] , [Xu] , [Ross1] , [Ross2] , [Kat] and [UY] . They contain examples with dihedral or Platonic symmetry groups. We also remark that for special classes of minimal surfaces with catenoid or flat ends, some systematic approach has been known (see [Pen] , [Xi] , [L1] ).
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In each end q j (j = 1, . . . , n) of an n-end catenoid, the flux vector is defined by
where γ j is a curve surrounding q j from the left and n the conormal such that (γ ′ j , n) is positively oriented. Each flux vector ϕ j is proportional to the limit normal vector ν(q j ) with respect to the end q j and the scalar w(q j ) := ϕ j /4πν(q j ) is called the weight of the end q j . It is well known that the flux vectors satisfy a "balancing" condition so called the flux formula n j=1 ϕ j = n j=1 4π w(q j ) ν(q j ) = 0.
It should be remarked that w(q j ) may take a negative value.
Therefore, we consider an inverse problem of the flux formula as follows:
Problem. For given unit vectors {v 1 , . . . , v n } in R 3 , and nonzero real numbers {a 1 , . . . , a n } satisfying n j=1 a j v j = 0, is there an n-end catenoid x :Ĉ \ {q 1 , . . . , q n } → R 3 such that ν(q j ) = v j and a j is the weight at the end q j ?
We remark that Kusner also proposed a similar question (see [Ross1] ). By the classification of Barbanel [Ba] and Lopez [L2] , we can see that the answer for n ≤ 3 is "Yes" except for the case when two of {v j } n j=1 coincide. For n ≥ 4, the first author [Kat] gave an explicit formula for existence of an n-end catenoid with prescribed flux whenĈ \ {q 1 , . . . , q n } is conformally equivalent to the image of its Gauss map S 2 \ {v 1 , . . . , v n }. In this paper, we will generalize the formula in [Kat] , and show some existence and non-existence results on the problem. In Section 2, we get the following:
Theorem A (Theorem 2.4). For any pair (v, a) of unit vectors v = {v 1 , . . . , v n } in R 3 and nonzero real numbers a = {a 1 , . . . , a n } satisfying n j=1 a j v j = 0, there is an evenly branched n-end catenoid x :Ĉ \ {q 1 , . . . , q n } → R 3 (q j = ∞) such that the induced metric is complete at the end q j , ν(q j ) = v j and a j is the weight at the end q j (j = 1, . . . , n), if and only if there exist complex numbers b 1 , . . . , b n satisfying the following conditions:
(j = 1, . . . , n), where p j := σ(v j ), σ : S 2 →Ĉ is the stereographic projection, and we assume p j = ∞.
Moreover, the immersion x has no branch points if and only if the resultant Ψ(P (z), Q(z)) of the polynomials P (z) and Q(z) (defined by (2.13) and (2.12)) does not vanish.
We note here that the flux formula holds even if the surface allows branch points (see Remark 2.9).
In the case when an n-end catenoid has the same symmetry as its flux data, the construction is reduced to a routine work by virtue of our theorem, and one can construct all of the known examples (cf. [Kar] , [L2] , [Xu] , [Ross1] , [Ross2] , [Kat] , [UY] , etc.) and far more new examples (cf. [KUY2] ).
We also remark here that an n-end catenoid does not always have the symmetry of its flux data. In fact, there exists a flux data (v, a) such that any corresponding surface does not have the same symmetry as (v, a) (see Example 3.7(iii)).
On the other hand, for a certain flux data, there are no n-end catenoids realizing it. Indeed, there are no n-end catenoids with the flux data (v, a) satisfying one of the following conditions:
(1)
The first condition is well-known, and the third condition follows from the genus zero case of the second compatibility condition in [Per] . The fourth condition is new. These four obstructions are easily obtained as a corollary of Theorem A.
It is interesting to observe that, when the equality n−1 j=2 n k=j+1 a j a k = 0 holds in (3) above, n-end catenoids which allow the deformation described by Lopez-Ros [LR] can be constructed (see Examples 4.7, 4.8 and 4.9) .
In spite of the above non-existence results, it seems that generic flux data are free of additional obstructions. We demonstrate it for n = 4, and get the following:
Theorem B (Theorems 3.3 and 3.6). For almost all pair (v, a) of unit vectors v = {v 1 , v 2 , v 3 , v 4 } in R 3 and nonzero real numbers a = {a 1 , a 2 , a 3 , a 4 } satisfying 4 j=1 a j v j = 0, there is a (non-branched ) 4-end catenoid x :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 such that ν(q j ) = v j and a j is the weight at the end q j (j = 1, 2, 3, 4), where ν is the Gauss map of x. Moreover, the number of such x is at most 4 up to rigid motions in R 3 . In particular, there exist 4-end catenoids with no symmetric properties.
We remark here that n = 4 is the smallest number such that n-end catenoids have various conformal structures and that there exist mutually non-congruent n-end catenoids with the same flux data. Indeed, the upper estimate in the theorem above is sharp (see Example 3.7 and Figure 3 .2).
To prove the first part of Theorem B, we give an explicit algorithm to construct 4-end catenoids with the prescribed flux by reducing it to solve a certain algebraic equation of degree 4. However, to treat the case when n ≥ 5, we shall have to do more complicated analysis (cf. [KUY1] ).
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Reduction of the problem
For a positive integer n, we fix a Riemann surface
whereĈ := C ∪ {∞} and q 1 , . . . , q n are mutually distinct points. A pair (g, ω) of a meromorphic function g and non-vanishing meromorphic 1-form ω onĈ is called Weierstrass data. By the Enneper-Weierstrass representation formula, the map defined by
is a branched minimal immersion on the universal covering on M 2 , where z 0 is a fixed point on M 2 . Any isolated degenerate point of the induced metric
is corresponding to a branch point of the map. The branched minimal immersion x is single-valued on M 2 if and only if
where Res z=q j is the residue at z = q j . Moreover, if ds 2 is a complete Riemannian metric on M 2 , then the map x is a complete minimal immersion on M 2 with finite total curvature. Conversely, any complete conformal minimal immersion x : M 2 → R 3 with finite total curvature is constructed in such manner from the following Weierstrass data:
where the function g is the stereographic projection of the Gauss map.
In this section, we rewrite the condition (2.3) into purely algebraic ones. We remark that the second fundamental form of the minimal immersion x is expressed by −ω · dg − ω · dg and its (2, 0)-part ω · dg is called the Hopf differential of the immersion x. The end q j is called a catenoid end if the end is asymptotic to a catenoid by a suitable homothety, that is, the Gauss map has no branch point at the each end q j and the Hopf differential ω · dg has a pole of order −2 at q j . The minimal immersion x is called an n-end catenoid if all ends q 1 , . . . , q n are catenoid ends. We also use a terminology branched nend catenoid when the induced metric allows at most finite degenerate points. In particular, we call a branched n-end catenoid is evenly branched if all of its branch points are of even order. We regard non-branched n-end catenoids as special cases of evenly branched n-end catenoids.
First we prepare the following lemma:
Lemma 2.1. Let x : M 2 → R 3 be a branched n-end catenoid. Then the degree of its Gauss map is at most n − 1 and by a suitable motion in R 3 , the Weierstrass data given by (2.4) and (2.5) are taken to be satisfying the following conditions:
(i) ω has poles of order −2 on {q 1 , . . . , q n }.
(ii) g has no poles and branch points on {q 1 , . . . , q n }. Moreover, x has no branch points if and only if the degree of the Gauss map is n − 1.
Proof. By a suitable motion in R 3 , we may assume that g has no poles on {q 1 , . . . , q n }. We apply the relation
where Z(ω) and S(ω) are the set of zeros and the set of poles respectively. The assumption of catenoid ends yields that the Hopf differential ω · dg has a pole of order −2 and dg has no zero at each end q j . So ω has exactly order −2 at each end q j . Therefore we have that
By (2.6) and (2.7), we have
On the other hand, since g has no pole at each end, any pole of g must be a zero of ω by (2.2). In particular, the inequality
holds. Since the degree deg(g) of Gauss map is given by
we have
By (2.8) and (2.10), we get
Here, x has no branch points if and only if (2.9) is an equality, and hence the equality of (2.11) holds if and only if x has no branch points.
Lemma 2.2. Let M 2 =Ĉ \ {q 1 , . . . , q n }. Let g be a meromorphic function and ω a meromorphic 1-form onĈ satisfying the conditions (i) and (ii) of the Lemma 2.1. Set p j := g(q j ). Assume q j = ∞ and p j = ∞ (j = 1, . . . , n). Then the symmetric tensor
is a complete Riemannian metric on M 2 if and only if there exist two polynomials
Proof. We suppose that ds 2 is a complete Riemannian metric on M 2 . Since ds 2 is positive definite on M 2 , we have from (2.2) that the inequality (2.9) turns to be an equality
By the same argument in the proof of the previous lemma, we have
Since ω has only poles of order −2, poles and zeros of ω are all even order. Thus √ ω is defined as a meromorphic section of the half canonical line bundle and has poles of order −1 on P (ω). Since ω has no pole at infinity, there exist complex numbers b 1 , . . . , b n ∈ C such that
Now we set
Hence, by (2.14), g can be written as
, where P (z) is a polynomial of order n − 1. Clearly, Q(z) defined by (2.12) satisfies Q(z) = n j=1 b j R j (z). Moreover, we have (2.13) since g(q j ) = p j . By (2.15), P (z) and Q(z) are irreducible and Max{deg(P ), deg(Q)} = n − 1. On the other hand, the symmetric tensor ds 2 induced from such two polynomials P (z) and Q(z) by (2.2) is obviously a complete Riemannian metric on M 2 .
The following proposition reduces the conditions (2.12) and (2.13) to a purely algebraic condition, which plays essential roles in this paper:
, where P (z) and Q(z) are polynomials defined by (2.12) and (2.13) respectively. Then the branched minimal immersion
is single-valued on the Riemann surface M 2 =Ĉ \ {q 1 , . . . , q n } if and only if the following conditions hold :
Proof. By (2.12) and (2.13), one can easily get the following identities
Thus the conditions (2.3) can be rewritten as
If we set
3) is equivalent to the following condition:
It can be easily seen that (2.20) implies that p j A j and B j are both real numbers. Hence (2.20) reduces to the following condition:
which is equivalent to the desired condition (2.18).
Next we consider the flux formula on n-end catenoid. We fix a Riemann surface
where q 1 , . . . , q n are mutually distinct points. Let x : M 2 → R 3 be a branched n-end catenoid. Then the flux vector at an end q j is defined by
where γ j is a circle surrounding q j from the left, and n the conormal such that (γ ′ j , n) is positively oriented. The flux vector is independent of choice of a circle γ j . Each flux vector ϕ j is proportional to the limit normal vector ν(q j ) with respect to the end q j , and the real number a j := ϕ j /4πν(q j ) is called the weight of the end q j . One can easily verify that the Hopf differential ω · dg has the following Laurent expansion at each end q j :
where a j is the weight at the end q j . By Lemma 2.1, we may assume that g has no poles and ω has poles of order −2 on {q 1 , . . . , q n }. Then, by Lemma 2.2, there exist complex numbers p 1 , . . . , p n and b 1 , . . . , b n such that
, where P (z) and Q(z) are polynomials defined by (2.12) and (2.13) respectively. Then, by (2.23), we have the identities
We remark that the reality of a j follows from the conditions (2.18) and (2.24). Since the limit normal vector ν(q j ) with respect to the end q j is expressed by
as the inverse stereographic image of p j , the flux formula stated in the introduction is rewritten as
As an application of Lemmas 2.1, 2.2 and Proposition 2.3, we have the following reduction theorem for the inverse problem of the flux formula:
Theorem 2.4. Let n ≥ 2 be an integer, q 1 , . . . , q n , p 1 , . . . , p n , b 1 , . . . , b n complex numbers, and a 1 , . . . , a n real numbers. Set g(z) := P (z)/Q(z) and ω(z) := −{ n j=1 b j /(z−q j )} 2 dz, where P (z) and Q(z) are polynomials defined by (2.12) and (2.13) respectively. Then the map
is an evenly branched n-end catenoid defined on M 2 =Ĉ \ {q 1 , . . . , q n } and has the flux vector
at each end q j if and only if the following condition holds:
Moreover, suppose Max{deg(P ), deg(Q)} = n − 1, and P (z) and Q(z) are irreducible. Then x has no branch points and is an n-end catenoid. Conversely, any evenly branched n-end catenoid is constructed in such manner.
Proof. We set real numbers A j and B j by (2.19). Then, (2.26) is rewritten as
Hence the first assertion follows immediately from (2.21) and (2.24). Conversely, we fix an evenly branched n-end catenoid with Weierstrass data (g, ω). Then the order of ω is even everywhere. Thus √ ω is defined as a meromorphic section of the half canonical bundle. By the same argument of the proof of Lemma 2.2, we have the expression g(z) := P (z)/Q(z) and
, where P (z) and Q(z) are polynomials defined by (2.12) and (2.13) respectively. This proves the second assertion.
Remark 2.5. The Weierstrass data of any evenly branched n-end catenoid have the form as in Proposition 2.3. Therefore, it is branched if and only if the resultant of P (z) and Q(z) does not vanish. This algebraic equation is expected to have zeros of codimension 1. Indeed it is true in the case n = 4 as we will see in Section 3.
Remark 2.6. When q j = rp j (j = 1, . . . , n), Theorem 2.4 reduces to the results in the first author [Kat] . In this case, the system (2.26) reduces to
Moreover, the surface has no branch points if and only if n j=1 b j = 0. Many known and new examples of n-end catenoids can be constructed from this formula, and also from our formula (2.26) (cf. [KUY2] ).
Remark 2.7. When p n = p j (j = 1, . . . , n − 1), we may assume p n = q n = ∞ without loss of generality. Under this assumption, since p j = ∞ (j = 1, . . . , n − 1) holds automatically, it is easy to see that the equation (2.26) can be rewritten as the following version:
(2.27)
In this situation, the polynomials P (z), Q(z) and R(z) are replaced naturally as follows:
By easy calculation, we get the following Corollary 2.8. The assertion of Theorem 2.4 holds even if we replace the condition (2.26) by the following condition:
Remark 2.9. Summing up the equations (2.28) for j = 1, . . . , n, we get the flux formula (2.25) for any evenly branched n-end catenoids. However, the flux formula itself is still valid for minimal syrfaces with branch points of odd order. In fact, by straightforward calculation, the flux vector defined by (2.22) is written as
The flux formula is obvious from the point of view.
4-end catenoids of generic type
Let x :Ĉ \ {q 1 , . . . , q n } → R 3 be an n-end catenoid, and set v j := ν(q j ) (j = 1, . . . , n), where ν is the Gauss map. Then, as we saw in the previous sections, a family v = {v 1 , . . . , v n } of n unit vectors in R 3 must satisfy the following condition. n j=1 a j v j = 0 for some nonzero real numbers a 1 , . . . , a n . (F.n) Now, we classify arrangements of v = {v 1 , . . . , v n } to the following three types:
. . , v n } satisfies (F.n) and dim v 1 , . . . , v n = 1. TYPE II : v = {v 1 , . . . , v n } satisfies (F.n) and dim v 1 , . . . , v n = 2. TYPE III : v = {v 1 , . . . , v n } satisfies (F.n) and dim v 1 , . . . , v n = 3.
We call a (branched) n-end catenoid is of TYPE I (resp. II, III), if v is of TYPE I (resp. II, III).
The following facts are already known (e.g. [M] , [Ba] , [L2] , [Kat] ):
(1) There are no 1-end catenoids. which satisfies ν(q j ) = v j and the weight w(q j ) = a j (j = 1, 2, 3).
From these results, the moduli of at most 3-end catenoids is understood completely.
In this section, we restrict our attention to 4-end catenoids of TYPE III that is a generic type. In particular, we give some upper estimates for the numbers N C (v, a) of congruent classes of 4-end catenoids with given (v, a), and a method to construct these surfaces.
First we recall that if there is a 4-end catenoid x :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 such that ν(q j ) = v j and w(q j ) = a j (j = 1, 2, 3, 4), then, by (2.26), there are nonzero complex numbers b 1 , b 2 , b 3 , b 4 satisfying
where p j := σ(v j ) (j = 1, 2, 3, 4) and σ : S 2 →Ĉ is the stereographic projection from the north pole, that is, they satisfy the following identity:
Clearly, it holds that det A = 0. To get upper estimates for N C (v, a), we discuss the rank of the matrix A. We remark that rank A is invariant under both the conformal actions of the domain and the rigid motions in R 3 . When we consider v of TYPE III, we may assume p 4 = q 4 = ∞ without loss of generality, and we can use the formula (2.27) in place of (2.26). Under this assumption, the matrix A is given by Proof. Set p j := σ(v j ) as before. We may assume p 4 = q 4 = ∞ without loss of generality, and it follows from direct computation that
Since we assume v is of TYPE III, it is clear that |p 1 | 2 |p 2 p 3 +1| 2 = 0. Therefore the number of q 1 satisfying det A = 0 is at most 4 for any choice of q 2 , q 3 , namely N q (v) ≤ 4.
Proposition 3.2. rank A = 3 if and only if v is of TYPE III.
Proof. When v is of TYPE III, we can easily see that
Hence we have rank A = 3 for any q 1 , q 2 , q 3 satisfying det A = 0. On the other hand, when v is of TYPE I or II, by the remark above, we may assume p 1 , p 2 , p 3 , p 4 are real numbers. In this case, since A is skew-symmetric, if det A = 0 and A = 0, then we have rank A = 2. Now, our assertion has been proved.
the number of 4-end catenoids with the same (v, a) of TYPE III is at most 4.
Proof. From the proof of the proposition above, dim Ker A = 1 for any q 1 , q 2 , q 3 satisfying det A = 0. Note that
is a solution , then the other solution is (b 1 , b 2 , b 3 , b 4 ) = −(β 1 , β 2 , β 3 , β 4 ) and both of these solutions give the same Weierstrass data. Therefore, it is clear that, for any q 1 , q 2 , q 3 chosen above, the number of 4-end catenoids is at most 1. Now we get the estimate N C (v, a) ≤ N q (v) × 1 ≤ 4. [Rose] .
Corollary 3.4. Any 4-end catenoid of TYPE III is isolated in the sense of Rosenberg
Proof. Since N C (v, a) is finite and any deformation moving flux is not an ǫ-C 1 -variation, our assertion is clear.
By solving the equation (2.27) with n = 4, q 2 = p 2 and q 3 = p 3 directly, we get the following method to construct 4-end catenoids of TYPE III.
For given (v, a), set p j := σ(v j ) (j = 1, 2, 3, 4) as before, and set
and
If det A(t) = 0 and B 1 (t) = 0, then Ker A(t) is generated by t (B 1 (t), B 2 (t), B 3 (t), B 4 (t)), where
(The matrix A ′ is column-equivalent to the inverse of the 3 × 3 submatrix which results by deleting the first row and column of the matrix A(t).)
Note that B 1 (q 1 ) = 0 holds for any solution q 1 of the equation Φ(t) = 0. Indeed, if B 1 (q 1 ) = 0, then we have
However, since we assume v is of TYPE III,
namely q 1 = p 2 , p 3 . Hence the equality above does not happen. Assume 4 k=2 B k (q 1 ) = 0 and 3 j=1 B j (q 1 ) = 0. Then, by straightforward calculation, we see that the solutions of the equation (2.27) with n = 4, q 2 = p 2 and q 3 = p 3 are given by
q 1 : a solution of the equation Φ(t) = 0, q 2 := p 2 , q 3 := p 3 , q 4 := ∞,
If q 1 satisfies 4 k=2 B k (q 1 ) = 0 or 3 j=1 B j (q 1 ) = 0, then there are no solution (q, b) of the equation (2.27) with such q 1 , since we assume a j = 0 (j = 1, 2, 3, 4). Set
Note here thatP
Then it is easy to see that the (q, b) above gives the following Weierstrass data of a 4-end catenoid realizing (v, a):
Let Ψ(t) be the resultant ofP (z) andQ(z). The surface given by the data above has no branch points if and only if q 1 satisfies Ψ(q 1 ) = 0.
We can construct all of the 4-end catenoids of TYPE III by this algorithm. Now, we observe a typical Example 3.5. Let ζ 3 be a primitive root of the equation z 3 = 1. For special values p 1 = 1/ √ 2, p 2 = ζ 3 / √ 2 and p 3 = ζ 2 3 / √ 2, by direct computation, we have
For one solution 1/ √ 2 of the equation Φ(t) = 0, we have
from which it follows that Φ(1/ √ 2) = 0. Now, (3.2) with these data gives an Enneper-Weierstrass representation of a tetrahedrally symmetric 4-end catenoid.
On the other hand, for the other solution − √ 2, we have
and nonzero real numbers a = {a 1 , a 2 , a 3 , a 4 } satisfying 4 j=1 a j v j = 0, there is a 4-end catenoid x :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 such that ν(q j ) = v j and the weight w(q j ) = a j (j = 1, 2, 3, 4) .
Proof. Set p j := σ(v j ) and assume p 4 = q 4 = ∞ as before. Then v is of TYPE III if and only if Remark here that each coefficient of Ω(t) is a rational function of p 1 , p 2 , p 3 ,p 1 ,p 2 ,p 3 , i.e. it is real analytic. Hence, we see that Ω(t) ≡ 0 for almost all p 1 , p 2 , p 3 . Now we have proved that, for any p 1 , p 2 , p 3 , p 4 (= ∞) satisfying (Ω 0 D)(p 1 , p 2 , p 3 ,p 1 ,p 2 ,p 3 ) = 0 and a = {a 1 , a 2 , a 3 , a 4 } such that 4 j=1 a j σ −1 (p j ) = 0, there is at least one 4-end catenoid x :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 such that ν(q j ) = σ −1 (p j ) and w(q j ) = a j .
We know that we cannot remove "almost". Indeed, there are additional obstructions for the existence of 4-(or n-)end catenoids. We will consider these in the following section.
Before concluding this section, let us observe a significant example which includes a deformation from the Jorge-Meeks 4-noid to the tetrahedrally symmetric 4-end catenoid. Moreover, we will remark there that the symmetry of the flux data of an 4-end catenoid does not always imply the symmetry of the surface.
Example 3.7. We will now try to construct a 4-end catenoid with the following data;
where p is a positive real number. The corresponding flux data (v, a) is invariant under the action of the group
We may put
for a nonzero complex number q (q 4 = −1) without loss of generality, and the determinant of the matrix A in (3.1) is computed as
Thus det A = 0 if and only if one of the following four equations is satisfied:
Note here that q = α is a solution of (3.4 + ) if and only if q = −α (resp. q = ±α −1 i) is a solution of (3.4 − ) (resp. (3.5 ± )), and that the corresponding solutions (q, b) of (2.26) give the Weierstrass data of the surfaces congruent to each other. Therefore we may only consider (3.4 + ). It is easy to see that the equation (3.4 + ) has a real solution q if and only if c −1 ≤ p ≤ c, where c := ( √ 6 + √ 2)/2. Let q be a solution of the equation (3.4 + ). Now, since our data (3.3) is of TYPE III, rankA must be 3 (except for the case p = 1). It is clear that the nonzero vector t (q, q, p, p) ∈KerA, and hence it spans KerA. Therefore we can set
and, by (2.26), we get
Define a surface x q :Ĉ \ {q, −q, q −1 i, −q −1 i} → R 3 by these data, whose Weierstrass data is given by
Then x q is a branched conformal minimal immersion such that or c < p, any solution q of (3.4 + ) can take neither a real nor a purely imaginary value, and the isometry group of x q is Z 2 ×Z 2 which is smaller than that of its flux data (3.3). In particular, (iv) x 1 is the Jorge-Meeks 4-noid; (v) x c is the tetrahedrally symmetric 4-end catenoid. By (iii), (iv) and (v), we see that the family {x q ; 1 ≤ q ≤ c} gives a deformation from the Jorge-Meeks 4-noid to the tetrahedrally symmetric one. In other words, the Jorge-Meeks 4-noid and the tetrahedrally symmetric one are included in the same connected component of the moduli of 4-end catenoids.
Furthermore, we can check that, for any real number p such that 1 < p < c, there are four real numbers q
(1) , q (2) , q (3) and q (4) satisfying
and (3.4 + ) with q = q (ℓ) (ℓ = 1, 2, 3, 4). Hence there are four 4-end catenoids x q (1) , x q (2) , x q (3) and x q (4) which have the same flux data. It can be easily observed that these four surfaces are not congruent to each other. This concludes that our estimate N C (v, a) ≤ 4 in Theorem 3.3 is sharp.
These situations are demonstrated in Figure 3 .1. Figure 3 .2 shows the image of x q for various values of q with the same flux.
4-end catenoids of special type and additional obstructions
In this section, we consider the cases of TYPEs I and II. First, we will prove that the same assertions as in Theorem 3.3 and Corollary 3.4 hold also in the case of TYPE II.
Let N C (v, a), N q (v) and A be as in the previous section (see Lemma 3.1 etc.). Proof. Set p j : = σ(v j ) (j = 1, 2, 3, 4) as before, where σ is the stereographic projection. We may assume p 1 , p 2 , p 3 , p 4 are real numbers without loss of generality. Set p jk := p j p k + 1 for convenience. It follows from direct computation that
We may also assume q 1 = −q 2 = 0, ±1 and q 3 = −q 4 = 1 without loss of generality, and we have Since we assume v is of TYPE II, it is clear that at least one of the coefficients of Φ II (t) does not vanish. Therefore the number of q 1 +q −1 1 satisfying detA = 0 is at most 2. SinceĈ \ {±q 1 , ±1} andĈ \ {±q Proof. From the proof of Proposition 3.2, dim Ker A = 2 for any q 1 , q 2 , q 3 , q 4 satisfying det A = 0. Note that p 12 p 34 (p 1 − p 2 )(p 3 − p 4 ) = 0 without loss of generality. By putting q 1 = −q 2 and q 3 = −q 4 = 1 into (2.26), we have
Indeed, it holds that Therefore, by the proof of Theorem 4.2, if either (1) or (2) holds, then we get the estimate
Moreover, we can find an additional obstruction for the existence of 4-end catenoids of TYPE II.
Theorem 4.5. There are no 4-end catenoids x :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 such that ν(q j ) = v j and w(q j ) = a j (j = 1, 2, 3, 4) if −v 1 = v 2 and v 3 = v 4 = ±v 1 .
Proof. Set p j := σ(v j ) as before. When our assumption holds, we may assume p 1 , p 2 , p 3 , p 4 are nonzero real numbers satisfying p 1 p 2 + 1 = 0 and p 3 = p 4 = p 1 , −p −1 1 without loss of generality. Suppose there exists a 4-end catenoid x :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 such that ν(q j ) = v j and w(q j ) = a j (j = 1, 2, 3, 4) for some nonzero real numbers a 1 , . . . , a n satisfying a 1 = a 2 and a 3 + a 4 = 0. Then it follows from direct computation that
This contradicts our assumption p 3 = p 1 , −p
Next, we consider the case of TYPE I, namely, the case when all of the ends are parallel. In this case, there exist additional obstructions for an arbitrary n. For instance, since the degree of the Gauss map must be less than n for any n-end catenoid (see Section 2), the flux data
cannot be realized by any n-end catenoid. Moreover, the following obstructions can be also found by using (2.26).
The obstruction (4.6) follows from the compatibility condition in Perez [Per] . Conversely, in the exceptional case of the obstruction (4.6), we have the following Lemma 4.6. Let v = {v 1 , . . . , v n } be a family of unit vectors in R 3 , and a = {a 1 , . . . , a n } a set of nonzero real numbers satisfying −v 1 = v 2 = · · · = v n , a 1 = n j=2 a j and n−1 j=2 n k=j+1 a j a k = 0. Then there exists an n-end catenoid x :Ĉ \ {q 1 , . . . , q n } → R 3 such that ν(q j ) = v j and w(q j ) = a j (j = 1, . . . , n) if and only if there are complex numbers q 1 , . . . , q n satisfying n k=2 k =j a k q k − q j = 0 (j = 2, . . . , n). (4.7)
Proof. Set p j := σ(v j ) as before. We may assume p 1 = q 1 = ∞ and p 2 = · · · = p n = 0 without loss of generality. Suppose there exists an n-end catenoid x :Ĉ \ {q 1 , . . . , q n } → R 3 such that ν(q j ) = v j and w(q j ) = a j (j = 1, . . . , n). Then, by (2.27) with the assumption p 1 = q 1 = ∞ in place of p n = q n = ∞, it holds that
= 0 (j = 2, . . . , n).
Hence we have
(j = 2, . . . , n).
Conversely, suppose there are n complex numbers q 1 , . . . , q n satisfying (4.7). Put f (z) := n j=2 a j z − q j , and set, for any nonzero complex number t, g t (z) := − 1 tf (z)
, ω t := −t(f (z)) 2 dz. (4.8) Then, for any t, the surface x t :Ĉ \ {q 1 , . . . , q n } → R 3 represented by these data is an n-end catenoid such that ν(q j ) = v j , w(q j ) = a j (j = 1, . . . , n) and the induced metric By the proof of Lemma 4.6, if there are n complex numbers q 1 , . . . , q n satisfying (4.7), then there exists a 1-parameter family {x t ; t ∈Ĉ \ {0}} of n-end catenoids with the same (v, a). However, when |t| = |t ′ |, x t can be transformed to x t ′ by a certain rotation around the x 3 -axis. On the other hand, in the case n > 2, when |t| = |t ′ |, clearly x t and x t ′ are not isometric to each other. Hence, the family {x t ; t > 0} is a non-trivial deformation.
Note that this deformation is an example of the deformation described in Lopez-Ros [LR] . It is clear that x t is deformable in the sense of Rosenberg [Rose] .
By solving the equation (4.7) with n = 4 and 5, we have the following examples which completes the classification of at most 5-end catenoids of parallel ends. Indeed, by virtue of the conditions (4.4), (4.5) and (4.6), it is clear that any n-end catenoid of TYPE I with n ≤ 5 coincides with the (2-end) catenoid or one of the surfaces in Examples 4.7 and 4.8.
Example 4.7. Let v = {v 1 , v 2 , v 3 , v 4 } be a family of unit vectors in R 3 satisfying −v 1 = v 2 = v 3 = v 4 . For any set a = {a 1 , a 2 , a 3 , a 4 } of nonzero real numbers satisfying a 1 = a 2 + a 3 + a 4 and a 2 a 3 + a 2 a 4 + a 3 a 4 = 0, there exist a unique 1-parameter family {x t :Ĉ \ {q 1 , q 2 , q 3 , q 4 } → R 3 ; t > 0} of 4-end catenoids such that ν(q j ) = v j and w(q j ) = a j (j = 1, 2, 3, 4). Indeed their representations are given by (4.8) with f (z) := a 2 z + a 3 z − 1 + a 4
z + a 4 a 3 , up to rigid motion in R 3 . Figure 4 .1 shows the image of x t for various value of t, when a 2 = −1 and a 3 = a 4 = 2. For any set a = {a 1 , a 2 , a 3 , a 4 , a 5 } of nonzero real numbers satisfying a 1 = a 2 + a 3 + a 4 + a 5 and a 2 a 3 + a 2 a 4 + a 2 a 5 + a 3 a 4 + a 3 a 5 + a 4 a 5 = 0, there exist two 1-parameter families {x t,± :Ĉ \ {q 1 , q 2 , q 3 , q 4 , q 5 } → R 3 ; t > 0} of 5-end catenoids such that ν(q j ) = v j and w(q j ) = a j (j = 1, 2, 3, 4, 5) . Indeed their representations are given by (4.8) with f (z) := a 2 z + a 3 z − 1 + a 4 z − a 2 + a 5 ζ 6 a 2 + a 3 + a 5 + a 5 z − a 2 + a 4ζ6 a 2 + a 3 + a 4 , up to rigid motion in R 3 , where ζ 6 is a primitive root of the equation z 6 = 1, i.e. ζ 6 = (1 ± √ 3i)/2. Remark here that x t,+ and x t,− lie on the symmetric positions with respect to the x 1 x 3 -plane, and hence they are isometric with each other.
We also have the following
